On Sophus Lie's fundamental theorems. I  by Hofmann, Karl Heinrich & Lawson, Jimmie D.
MATHEMATICS Proceedings A 86 (4), December 19, 1983 
On Sophus Lie's Fundamental Theorems. I 
by Karl Heinrich Hofmann I and Jimmie D. Lawson 2 
1Technische Hochschule Darmstadt, 19-6100 Darmstadt, German Federal Repubfic 
2 Louisiana State University, Baton Rouge, La. 70803, U.S.A. 
Communicated byProf. W.T. van Est at the meeting of February 28, 1983 
Sophus Lie is the founder of the theory of continuous transformation 
groups. His Fundamental Theorems are frequently mentioned even today. Our  
papers are concerned with an extension and completion of these theorems. 
Two general remarks on the historical record are in order. Firstly, Lie's 
theory, as is generally known, is local. A global theory was impossible before 
topology had progressed sufficiently. In order to apply to Lie's local theory the 
standards of precision and conceptual elegance demanded today, one can either 
develop the theory of local Lie groups independently of actions on a manifold 
and specify explicitly and in detail the domain of definition of the relevant 
partial operations 1 (references are at the end of the article). Or else one works 
within the framework of pseudo- Lie groups of local homeomorphisms on a 
manifold. Our view point is the former 2. 
Secondly, however, - and this is not commonly known, or not generally 
accepted - the word "group"  as used by Lie does not mean the concept of a 
group as it was understood in the theory of finite permutation groups in the 
19th century and as it became standard terminology in the 20th. In fact, Lie 
means what we would call today a (local) semigroup (of transformations). 
Historical references occasionally mention Lie's struggle with the existence of 
an identity and inverses in passing; Bourbaki's Note Historique [Bou] or 
1 This is done in standard sources for Lie group theory such as e.g. in Bourbaki. 
2 For the latter approach in the context of this article, see Loewner 1964. 
453 
Schmid's article on Poincar6 [Sch] are examples. However, this aspect of Lie's 
endeavors remains largely ignored despite the fact that this view point had 
become relevant in the last 30 years in functional analysis ([HP] 1957, [La] 
1960), in differential geometry ([Loe] 1964), in differential equations and 
control theory ([Br] 1972), and in topological algebra. 
Even Felix Klein, in his famed Erlangen program 1872 had tacitly assumed 
in defining a transformation group, that on any set, a family of self-maps 
closed under composition had to contain the identity and inverse transfor- 
mations automatically" 3. He specifically remarked that he adopted a concept 
from the "theory of substitutions", now better known under the designation 
of permutation group theory 4. Much later, in an edited version of his Erlangen 
Program in 1883, Klein recognizes the discrepancy in a footnote and credits 
Sophus Lie with having paid particular attention to this problem 5. Indeed, Lie 
struggled with this aspect of the theory from the early stages on, as is indicated 
in his paper in the Mathematische Annalen of 18806. Like in so many other 
aspects of the development of Lie's theory, Friedrich Engel's influence helped 
to clarify matters from about 1884 on 7. In 1895, Lie summarizes his efforts 
towards a definition of a group by formulating a definition as abstractly as it 
appeared possible for him at the time; and indeed under the name of a group 
he may have actually given one of the first abstract definitions of a semi- 
group 8. 
3 Arbitrarily many transformations ofa space, when composed, always result in a transformation. 
ShouM a given series of transformations have the property that each change, arising from its 
members by composition, again belongs to it, then this series will be called a transformation group. 
(Gesammelte W rke, p. 462). 
4 The concept, as well as the notation, are adopted from the theory of substitutions in which, in 
lieu of transformations, one deals merely with permutations of a finite number of discrete 
quantities. (Ibid.) 
5 For the groups of the text it was in fact tacitly assumed that they contain, together with any 
operation which they may contain, its inverse. S. Lie was probably the first to draw attention to 
the fact that, for an infinite number of  operations, this is not a consequence of the concept of a 
group as such. (Ibid.) 
6 In the theory of substitutions one proves the well-known fact, that the permutations of a group 
may be paired off into mutually inverse substitutions. Since there is no difference between a group 
of substitutions and a group of transformations, except hat the former contains a finite number, 
the latter an infinite number of operations, one might be led to conjecture that the transformations 
of a transformation group, too, may be associated into pairs of inverse transformations. In earlier 
works I was led to the conclusion that this was actually the case. However, since in my investi- 
gations in this regard, certain implicit hypotheses were made on the nature of the occurring 
functions, I deem it necessary to eomplement my definition of the concept of group of transfor- 
mations expressly by adding the postulate, that the transformations of the group may be pairwise 
coupled into inverse transformations. (Mathematische Annalen 16 (1880).) 
7 Gesarnrnelte Abhandlungen, Band 5, 499-502. 
8 The most general definition one has proposed so far is the following: A set of  operations forms 
a group, if the product of two of these operations i equivalent to a single operation which belongs 
to the set under consideration. I f  one replaces in this definition the word operation by the more 
special word transformation, and the word product by the word composition, one has a definition 
of the concept of a transformation group which is probably final. In practice, one will render this 
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In the years preceding 1893, when the third volume of his work of continuous 
groups was published, Lie took pains to reformulate and reprove some of his 
earlier results and to label them Fundamental Theorems. He counted three of 
them, all told. The first one is of primary interest in our context. I f  one takes 
all evidence together, it might be formulated in modern parlance as follows: 
LIE'S FIRST FUNDAMENTAL THEOREM (188-93) 9. Every r-dimensional (local) 
differential semigroup can be embedded into a (local) Lie group o f  r 
dimensions, whose Lie algebra is determined by the tangent plane in any 
interior point  o f  the semlgroup. 
A precise version of this theorem meeting contemporary standards of 
exactness was recently given by G. Graham in his dissertation 197910 (see [G79 ]
and [G82]). In the context of our discussion, Lie's First Fundamental Theorem 
may have been among the first embedding theorems for semigroups into 
groups. 
The Second and Third Fundamental Theorem give, in some sense, the reverse 
conclusion: A finite dimensional Lie algebra is the algebra of infinitesimal 
transformations of a local Lie group. Lie himself singled out that portion of 
his Fundamental Theorems which deal with the correspondence b tween local 
groups and Lie algebras and called it the 
HAUPTSATZ. A) Each local Lie group determines a unique Lie algebra o f  
infinitesimal transformations, each o f  which corresponds uniquely to a (local) 
one parameter subgroup. 
B) Each f inite dimensional Lie algebra determines a local Lie group in such 
a fashion that it is the algebra o f  infinitesimal transformations o f  the local 
group. 
With this Hauptsatz, Lie was able to pose the problem of classifying all finite 
dimensional local Lie groups through the algebraic task of classifying all finite 
dimensional Lie algebras, and he contributed himself a substantial portion of 
definition more precise in any particular case. For instance, one divides the class of groups into 
continuous, discontinuous, and mixed groups, and each of these classes gives rise to a partition into 
finite and infinite groups. As to continuous groups, it appeared convenient todisregard those which 
are not defined by differential equations. Finally, one has not yet shown in a completely 
satisfactory fashion from a purely theoretical view point, whether it is necessary to add to the 
definition of continuous groups that the identity transformation can be found among their 
transformations. I f  one extends the concept of a group to arbitrary operations, one does not have 
the right to conclude that the definition given above gives rise to a partition of the group operations 
into pairs of mutually inverse ones. (Gesammelte Abhandlungen, Band 6, 592-601). 
In the context of Lie's position towards considering semigroups rather than groups one should 
also compare his comments on Schur's proof of the Fundamental Theorems. (Theorie der 
Transformationsgruppen III, 1883, p. 564.) 
9 Theorie der Transformationsgruppen IIl, 1883. See also ibid. Band I, p. 163. 
l0 Cf. also the dissertation of R. Houston, 1973. 
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this program, whose completion is linked also with Killing, Engel, and I~lie 
Cartan. 
The actual classification of local semigroups, although originally initiated 
through Lie's First Fundamental Theorem was never pursued. We would like 
to address uch a program. For a precise formulation, some preparations are 
necessary. 
It was implicitly clear to Lie that the set of infinitesimal transformations of
a local semigroup with identity is closed under addition. The first modern and 
explicit statement of this fact we find in Loewner's work (cf. Loewner 1964). 
Different local semigroups may determine the same set of infinitesimal trans- 
formations; there is, however, a unique smallest one which is generated by this 
set. This observation, too, was made by Loewner in the applications he 
investigated. 
Loosely speaking, the program to classify the infinitesimally generated local 
semigroups (whose class includes all local Lie groups) amounts to the exact 
determination of those convex wedges in a Lie algebra which are tangent 
objects of local semigroups. For a precise formulation we introduce a 
convenient setting for a local theory of Lie groups: 
Let L be a Dynkin algebra, i.e., a real Lie algebra which is at the same time 
a completely normable topological vector space such that the Lie bracket 
(X ,Y )~[X ,Y ] :  L×L~L is a continuous map. We f ix  an open convex 
symmetric neighborhood B of  O in L such that for  X, YE B the Baker-Campbell- 
Dynkin-Hausdorff series X .  Y= X + Y+ ½[X, Y] +... converges absolutely and 
defines a locally associative multiplication •: B × B ~ L. 
0.1. DEFINITION. We say that a subset S c_ B is a local semigroup of  L with 
respect o B (or simply of  (L, B)) if and only if 
(i) 0~S,  and 
(ii) S.SfqBc_ S. 
The elements of SN - S are called the units or the invertible lements of S. We 
say that S is a local group of  (L, B) if f, in addition to (i) and (ii) we have 
(iii) S=-S .  
0.2. DEFINITION. Let V be a real topological vector space with a countable 
basis for the neighborhoods of the identity. If S is any subset of Is, we define 
the tangent object (at O) of  S to be the set 
L(S) = {Xe V: there are sequences Xn ~ S and m n E N unbounded with 
X= lim mnX n }. 
It is almost immediate from the definition that •+L(S)c_L(S), where IR + 
denotes the set of non-negative r al numbers. 
0.3. DEFINITION. A subset K of a topological real vector space V is called a 
wedge, if and only if it satisfies the following conditions: 
(i) K+Kc_K,  
(ii) [E + K c_ K, 
(iii) g c_ K. 
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The largest vector subspace KO -K  of a wedge is called its edge. We will say 
that a wedge is a cone iff in addition to conditions (i, ii, iii) it satisfies 
(iv) KO -K=0.  
One notes that some authors call proper closed cones what we simply call 
cones. 
For the following fact we refer to Loewner 1964 or to Hofmann and Lawson 
1983, Proposition 3.10: 
I f  S is a local semigroup of (L,B), then K=L(S) is a wedge. 
In fact we showed (see Hofmann and Lawson 1982), that the tangent object 
K=L(S) of a local semigroup S of (L,B) satisfies 
(v) eadXKc_K, for all X from the edge KA -K. 
In order to have a convenient terminology, we will call all wedges satisfying 
(i, ii, iii and v) in a Dynkin algebra compatible wedges, and we will say that 
all wedges, which are the tangent object of a local semigroup of (L,B) for a 
suitable neighborhood B, are Lie wedges. We have observed that all Lie wedges 
are compatib!e, but we do not yet know whether all compatible wedges are Lie 
wedges. 
The problem of classifying all infinitesimally generated local Lie semigroups 
is now the problem of firstly determining the Lie wedges in Lie algebra terms 
and secondly to classify (in a suitable sense) all Lie wedges. In order to be very 
precise we formally define what we mean when we say that a local semigroup 
is infinitesimally generated: 
0.4. DEFINITION. A local semigroup S of (L,B) is said to be infinitesimally 
generated if it is minimal in the set of all local semigroups T of (L, B) satisfying 
(a) L(S)NBc_ Tand 
(b) L(T)=L(S). 
We say that S is a local Lie semigroup iff it is closed in B and is minimal in 
the set of all local semigroups T of (L, B) which are closed in B and satisfy (b). 
We know that for local semigroups S which are closed in B we have auto- 
matically L(S)OBc_ S (see Hofmann and Lawson 1983, 3.7). It is immediate 
that for each local semigroup S of (LI B) there is a local Lie semigroup T with 
L(T) = L(S); it further follows that an infinitesimally generated local semigroup 
T exists with L (T )=L(S)  (see Hofmann and Lawson 1983, 3.5). 
For a local semigroup S in (L,B) the following statements are equivalent: 
(1) SOB has no units other than O. 
(2) L(S) is a cone. 
(See Hofmann and Lawson 1983, 3.10 and 4.5.) 
In the present paper we will completely settle the classification problem of 
local infinitesimally generated semigroups whose infinitesimal object is a cone. 
The general case will be addressed in a second paper. 
Geometrically, there is a great variety of cones in a given (finite dimensional) 
vector space. Moreover, in a Lie algebra, it is not a priori obvious which Lie 
algebra properties might be relevant in and for a cone in order that it may 
function as the precise infinitesimal object of a local semigroup. However, in 
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the finite dimensional case, the answer is simple but (perhaps?) surprising: 
Every finite dimensional cone in a Dynkin algebra is the tangent object of  a 
local semigroup. In the infinite dimensional case, the answer is slightly more 
complicated. The precise circumstances in this more general case, however, also 
reveal the essential aspects of the finite dimensional situation. We say that a 
cone K in a topological vector space V is strictly positive iff there is a 
continuous linear functional on V which takes positive values on K \  {0}. Now 
for a strictly positive cone K in a Dynkin algebra one may always single out a 
norm which is compatible with the topology and satisfies the following two 
conditions 
(i) I I is additive on K. 
(ii) IX*Y - (X+ Y)I_<IXI IYI for all X, Y~B and a small enough B. 
For any such norm we have the following 
0.5. THEOREM A. The set S= {XeB:  there is a Y~KO2B with IX- YJ_< 
___lYI 2} is a local semigroup of (L,B) with L(S) =K. 
We remark that S does not in any way depend on the Lie algebra structure 
of L nor the geometric fine structure of K (except hrough the choice of the 
norm). Thus Theorem A provides a simple way of exhibiting some local 
semigroup of (L,B) with L(S)=K.  Generally S will neither be a local Lie 
semigroup, let alone infinitesimally generated. It will however provide an outer 
estimate for the local Lie semigroup T with L(T)= K whose existence we only 
know after Theorem A. In order to provide an explicit description of the 
infinitesimally generated local semigroup of (L, B) generated by K we withdraw 
into a smaller 0-neighborhood inside B: 
0.6. THEOREM B. There is a norm [I II compatible with the topology on L 
such that, i f  B~ denotes the open ball of  radius 8 for 0 < 8 <_ 1, then the set 
S (8)={X~B:  there are elements X1 ..... Xn~KOB ~ with X=XI* . . .  *Xn and 
with IIXI+ ... + Xn[I <28} is a local semigroup of (L,B~) which is infinitesi- 
mally generated by K. Furthermore if  0 < r < 8 < 1, then S(r) = S(8) O B~. 
It i s noteworthy toremark that Theorem A, in contrast with Theorem B, does 
not even require the local associativity of the *-multiplication. 
In a subsequent paper we will construct local semigroups for all those 
compatible wedges in which the edge H allows an H-module complement. 
1. A LEMMA ON LOCAL MULTIPL ICATIONS 
We begin with an observation on cones. 
1.1. LEMMA Let E be a completely normable real vector space and K a cone 
in E. Then the following statements are equivalent: 
(1) There is a continuous linear functional u of  E which takes positive 
values on K\{0} and for which u- l (1)nK is bounded. 
(2) There is a norm II I[ on E which is compatible with the topology 
and which is additive on K. 
458 
PROOF. (1)=(2). We write H=u-~(0)  and find a k~K with u(k)= 1, since 
u is positive on K \  {0}. We define f :  IR × H~E by f(r, x) = r. k+x.  Then f i s  an 
isomorphism of topological vector spaces, since its inverse y ~ (uCv),y - u(y). k) 
is continuous. We set B=u-I(1)ClK. Then K= ~+ .B, because yeK implies 
y = 0 or u(y) > 0, whence u(y)- 1. y e B. We set C = B - k and notice C _ H. 
Then f maps { 1 } × C isomorphicaUy onto B, since f(1, b - k) = 1. k + (b - k), 
and hence f maps ~+. ({1} × C) isomorphically onto K. We may therefore 
assume w.l.g, that E= ~ xH with K= ~+. ({1} × C) with C bounded in Hand 
u =pr~. Since E is completely normable, so is H, and since C is bounded, there 
is a norm I IIH on H for which C is completely contained in the unit ball and 
which defines the topology on H. Now we define (r,x) =max {Irl, Ilxl!n} on E. 
This norm certainly defines the topology on E, and if (r,x)~K, then 
(1 , (1 / r ) .x )eu- l (1)nK={1} xC,  whence I](1/r)'xlln<-l, i.e., I]Xl]H<_r. It 
follows that I!(r,x)ll =r=u(r,x), whence [[ II is additive on K. - (2)~(1): If 
xeK-K ,  then x=c-d  for elements c, deK.  If also x=c ' -d '  with c ;d 'eK ,  
then c+d'=c '+d,  and we have IIc[f + tld'll = I Ic+d' l l  = IIc'+dll = IIc'll + IJdll by 
(2). Hence Ilcll -I[dlf = IIc'll- [td'll, and thus we unambiguously define a function 
u:K -K~N by u(x)= [Icll- [Idtl with x=c-d ,  where c, deK.  Now u is readily 
seen to be linear and to satisfy u(c)= [tc[[ _>0 for xsK \{0}.  If u(x)> 1, and 
x=c-d  with c, deK,  then M-I td l l=u(x)> l, whence llxlI>--IIcIl-IJdll--- 
= u(x) > 1. Thus tlxll -< 1 implies u(x)_< 1 and similarly u(x)_> - 1. Hence u is 
continuous on K-K .  By the Theorem of Hahn and Banach, u extends to a 
continuous linear functional of E such that I[xll _< 1 implies u(x)_< 1. Moreover, 
i f xeu- l (1 )DK,  then 1 = u(x)= [Ix[[, whence u - l (1 )DK is  bounded as a part of 
the unit ball. This proves (1). [] 
This Lemma allows us the following definition. 
1.2. DEFINITION. A cone in a completely normable real vector space is 
called strietlypositive, iff the equivalent conditions of Lemma 1.1 are satisfied. 
Any norm which is additive on a cone K will be called K-additive. 
We remark that in a finite dimensional vector space condition 1.1(1) is alway 
satisfied for any cone. It follows from this observation that a finite dimensional 
cone in any completely normable real vector space is strictly positive. 
1.3. DEFINITION. Let L be a completely normable vector space. A function 
• :BxB-~L will be called a local multiplication iff there exists a norm 
compatible with the topology and a positive number k such that B is a ball 
around 0 such that (N1) ] IX*Y-(X+ Y)[I <-kIIXIt II Y[I for all X, YeB.  
1.4. LEMMA. Let L be a completely normable vector space with a local 
multiplication •:D ×D~L and suppose that K is a strictly positive cone in L. 
Then there exists a norm on L which is compatible with the topology and which 
satisfies the following two conditions: 
(N1) IX .Y - (X+ Y)]<_IXI IY[ for all X, Yin a suitable ball B around 0. 
(N2) I I is K-additive. 
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PROOF. According to Definition 1.3 we know that there is a norm [I [11 on L 
which is compatible with the topology and which satisfies 
(a) UX*Y (X+ Y)lll<_kllXllliIY[Ix for all X, Yin the II Ill-ball D. 
By Lemma 1.1 there is a norm [[ 112 on L which is compatible with the topology 
and which is K-additive. Since [1 I[1 and II 112 are equivalent, there are positive 
numbers r and s such that 
(b) rtiXlll_< [IXllz<_sltXlll for all XaL .  
We conclude that 
sk 
(c) t lX*Y-(X+ Y)[I2--- -~ IIxu211YIh for all X, YsD.  
We finally define the norm ] ] by 
sk 
(d) IXl = ~ IIXlh for all X~L.  
Then ] ] is K-additive, since it is a scalar multiple of the K-additive norm II 112. 
It satisfies (N1) on account of its definition and (c). If we let B be the largest 
open [ I-ball contained in D, then the Lemma is proved. [] 
1.5. DEFINITION. If L is a completely normable space with a local multipli- 
cation • then we will say that a norm ] ] on L is suitable for a strictly positive 
cone K if and only if satisfies (N1) and (N2) of 1.4 and is compatible with the 
topology of L. 
1.6. LEMMA. Let L be a Banach space with a local multiplication • and a 
suitable norm and suppose that the radius of B does not exceed ~/2- 1. Define 
Dxby  
DK={(X ,Z)~LxL :Z~K and IX-Zl_<lzl2}. 
Then (X1,Z1), (X2,Z2)~D K and Xj, Zk~B imply (XI*X2,ZI + Z2)~DK. 
PROOF. We have 
IX1*X2-(Z1 +Z2)I-< IXI*X2-(X1 +X2)l + IX1-Zl[ + IX2-Zz[-< 
- IX l l  IX21 + IZll2+ Iz2l 2 
from (N1) and the definition of Dr.  Because of Igj-zjl <- I / /we have 
Ixsl <-Izjl ÷ tZjl 2= Izjl(1 + Izjl) for j = l, 2 and if [Zjl ___ ~/2- 1, then Igll Ix21--- 
<-2[Z1[ Z2I. But then 
IX1 *X2- (Zl + Z2)l---IZ212 + 2[ZlllZ2l + I/2l 2= ([Zl 1+ 1/21) 2 
which equals ]Z1 + Z2] 2, since the norm is additive on K. [] 
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Now we consider the set 
S= {XeB:  there is a ZeKA2B with IX -  Z I __< IZI2}. 
1.7. LEMMA. L(S)=K.  
PROOF. Trivially KC_L(S). Now suppose X=l im mnX n with [Xn-Znl <_ [Znl 2 
for suitable elements Zn e K. Since the mn increase, we have lim X n = 0. Now 
[ZnI<-IXnI+IXn-ZnI<_[Xn[+[Zn[2<-IXn[+(X/2-1)IZn[ (since B has radius 
___x/2- 1)_< [Xn[ +½1Zn[, whence ½[Z,] _< ]X~], i.e., [Znl _<2[Xn[. Now we have 
]m,~Xn- m,Z~[ = m~[Xn- Znl <-mn[Zn[2 <- 4mnlXn[2=41mnXn] ]X,I~0. 
Thus [mnX n - mnZn[ ~0,  whence X= lim mnZn. Since K is closed, we conclude 
X~K.  [] 
1.8. LEMMA. I f  radius B<_~, then S ,SOBc_S.  
PROOF. Suppose X, Y, X .YeB and U, Ve2B such that IX-UI___IU] 2 and 
t Y -  V 1 _ ] V] 2. By Lemma 1.6 we have IX* Y -  (U+ V)_ I U+ V] 2. In addition, 
]U÷ V] _< IX, Y -  (U+ V)] + IX* Y] __< IU+ V[ 2 + r< (2r + 2r) 2 + r (with r= radius 
B, since the norm is K-additive) = (16r + 1)r_ 2r (since r _  ½). Thus U+ V~ 2B. 
[] 
If we now summarize our result we have proved the following theorem: 
1.9. THEOREM. Let L be a completely normable space and K a strictly 
positive cone in K. I f  • is a local multiplication in L, then there is a suitable 
norm on L and an open ball B around 0 with a closed subset S c B such that 
the following conditions are satisfied 
(i) L(S)=K.  
(ii) I f  X, Y~S and X ,  Y~B,  then X ,Y~S.  
2. LOCAL SEMIGROUPS WITHOUT UNITS 
We now apply the results of Section 1 to the situation of Lie's First Funda- 
mental Theorem. We consider a Dynkin algebra L with a suitable convex 
symmetric open neighborhood B of 0 for which the Baker-Campbell-Dynkin- 
Hausdorff  multiplication 
(X, Y )~X*Y=X+ Y+½[X, Y] + ,.. :BxB--*L is defined. 
Our first observation is that * is a local multiplication in the sense of Section 
1 (see Definition 1.3). 
2.1. LEMMA. * :BXB~L is a local multiplication on L. 
PROOF. We may assume that we have a norm on L which is compatible with 
the topology and which satisfies 
IJ[x, r i l l -  IlXll II Yll for all X, YeL .  
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It is no loss of generality to assume that B is an open ball around 0 with respect 
to this norm; in fact the bail with radius ½log 2 will certainly do for the absolute 
convergence of the series X,Y  for X, YeB.  In the space L~(L,L) of bounded 
operators from L into itself there is an absolutely convergent series 
T(X, Y)=½+p3(ad X, ad Y)+p4(ad X, ad Y)+ ... for X, YeB 
with homogeneous polynomials Pn of degree n - 2, with n > 2 in such a fashion 
that 
X.Y=X+ Y+(½+p3(adX, ad Y)+ ...)[X, Y] =X+ Y+ T(X, Y)[X, Y] 
for all X, YeB.  
If we consider an open ball D around 0 with De_B, then [IT(X, Y)[[ _<k for 
X, YeD with a positive constant k=sup {][ T(X, Y)][ :X, YeD}.  Thus we have 
II x ,  Y - (X + Y)[I = [I T(X, Y) [X, YI II <- k U [iV, YI II --- kll X II 11 Y [I 
for X, YeD.  
This proves the claim. [] 
Now we can apply 1.8 and 1.9 to prove Theorem A of the introduction: 
2.2. THEOREM. Let L be a Dynkin algebra and K a strictly positive cone in 
L. Then there exists a suitable norm [ [ on L (see 1.5) and an open ball B 
around 0 such that the set S={X~B:  [X-ZI<_ Izl 2 for some ZeKO2B},  
where rad B<~,  is a local semigroup of  (L,B) with L(S)=K. 
PROOF. After Lemma 2.1 the claim follows immediately from Lemma 1.8 
and Theorem 1.9. [] 
2.3. COROLLARY. For any strictly positive cone K in a Dynkin algebra L 
there is an open convex symmetric neighborhood B of  O in L and a unique local 
Lie semigroup S of (L, B) with L(S) = K (cf. O. 4). 
Furthermore, there exists a unique infinitesimally generated local semigroup 
T of (L,B) with L(7") =K. We have S= ]rOB. 
PROOF. We choose a suitable norm for L and K and B as in Theorem 2.2. 
Then we consider the collection of all local semigroups T of (L, B) satisfying 
KOBc_ T. 
By Theorem 2.2 this collection is not empty. This collection is closed under 
arbitrary intersections, hence contains a smallest element T. This local 
semigroup T is infinitesimally generated by KOB. (It was shown by Hofmann 
and Lawson 1983, 3.5 in which way one may build up Tinductively by forming 
products from elements in KAB.)  It is clear that L(T)=K; for if S O denotes 
the local semigroup constructed in Theorem 2.2, we have TO_So, whence 
L(T) c_ L(So) = K, while the containment K c_ L(T) is trivial from Kf3 B c_ T. 
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I f  we form S = TAB, then S is a local semigroup of (L,B) which is closed in 
B and satisfies L(S)=K (cf. Hofmann and Lawson 1983, 3.3 and 3.10). Hence 
S is the unique local Lie semigroup of (L, B) with L(S)=K. [] 
2.4. COROLLARY. Let L be a finite dimensional Lie algebra and B an open 
convex symmetric neighborhood of  O on which the Campbell-Hausdorff multi- 
plication • :B×B~L is defined. Then the tangent object L(S) of  any local Lie 
semigroup S of  (L, B) without (non-trivial) units is a cone. 
Conversely, if K is a cone in L, then there is an open symmetric onvex 
neighborhood B of  0 and a unique local Lie semigroup S of  (L, B) such that 
L(S) =K. 
This corollary is Lie's Hauptsatz for local Lie semigroups without (non- 
trivial) invertible lements. As in the opposite case, the case of local groups in 
which every element is invertible and which was the object of Lie's original 
Hauptsatz, the second part is the much harder one since it is an existence 
theorem. We note that in the second part we also have to vary the size of our 
reference neighborhood B with K. This is to be expected, as among all possible 
cones K there will certainly be some which are very obtuse and in some sense 
differ from a half space by a small amount. One expects a suitable norm for 
such a cone to be very large and consequently a corresponding ball of reference 
to be small. 
Theorem 2.2 and its corollaries were used without proof in Hofmann and 
Lawson 1981. 
Corollary 2.3 is not completely satisfactory, since it does not give us an 
explicit description of the infinitesimally generated semigroup of (L, B) with 
tangent object K. The remainder of this section is devoted to such a charac- 
terisation. The result will be Theorem B of the introduction, a more detailed 
version of which follows: 
2.5. THEOREM. Let L be a Dynkin algebra with a strictly positive cone K. 
Let I I be a suitable norm and B an open ball around 0 of  radius d< ¼ such that 
the following conditions are satisfied." 
(i) X* Y is defined for all X, Y with Ixl, I YI < (1 + d)d, 
(ii) IX .Y - (X+ Y)l_<lxl IY] for all lxl, lYl<d. 
Since I I is suitable, there is a continuous linear functional u on L with 
[XI =u(X) for XeK.  We set 
N=BAu- I ( ] -d ;d 'D  with any d'<_¼d. 
Then S= {XeN:  there exist elements )(1 ..... X n ~KfqB such that 
X=XI*  ... *X, and I)(1 + ... +X,[ = u(X1)+ ... + u(X,)<½d} 
is the infinitesimally generated local subsemigroup of (L, N) with L(S) = K. 
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The proof of this theorem is involved and will lead us through a sequence of 
preparatory lemmas. The hypotheses of the theorem will be maintained 
throughout these lemmas. 
2.6. LEMMA.  [ f  X 1 .. . .  ,XneB and Z 1 . . . . .  ZneKNB are such that 
IX j -  Zjl < IZj[ 2 for j = 1 .... , n 
(i.e. (Xj, Zj) ~ DK for j = 1,..., n with D K as in 1.6) and if  
IZl + ... + Z~l < d, 
then X1 *... *Xj is defined for each j--  1 ... . .  n and satisfies 
[Xl* ... *X j - (Z l  + ... +zgl -< Iz~ ÷ . . .  + Zjl= = (IZll + . . .  + IZjl) 2. 
PROOF. The proof is by induction on j .  For j = 1 the claim is trivial. Using the 
induction hypothesis we find 
IX1*... *X j l<- I z ,+. . .  + zs l+ lx** . . .  *Xj - (Z1-t - . . .  ÷ Zj)I<- 
<_ lZl + ... + zjl  + lz ,  + ... + zjl2 <_d + d 2, 
since [Zx + ... + Zj] < IZ1 + ... + Z~I <d by the additivity of the norm on K. Since 
X,Y  is defined for IXl, lYl<(l+d)d it follows that (XI*...*Xj)*Xj+I is 
defined. 
Finally we have IX1 *... ,Xj+ 1 - (Z1 +.. .  + Zj+ 1)1 -< [(Z1 +.. .  + Zj) + Zj+ 112 by 
the induction hypothesis and Lemma 1.6. This completes the induction 
proof. [] 
2.7. LEMMA. Let [X],]Yl<d, Y6K.  Then u(X)+(1-d)u(Y )<u(X ,Y ) .  
PROOF. We have 
u(X) + u(Y ) -  u(X*r)  = u(X+ Y -X ,Y )  <_ IX+ Y -X*Y  I = 
=Ix*Y-X-  r l<-lXt J r [  
(by condition ( i i ))<d.u(Y).  Thus u (X)+(1-d)u(Y)<u(X*Y) .  [] 
2.8. LEMMA. Suppose that )(1 ..... Xn6K,  IX l+ . . .+X. l<d.  Then for 
j=  1 , . . . ,n -  1 we have u(Xl*... *Xj)<u(XI*.. .  *Xj+l)-< U(Xl*... *Xn). 
PROOF.  By Lemma 2.6, all the products in sight are defined. The remainder 
follows by straightforward induction from the preceding lemma. [] 
2.9. LEMMA. If X1 ... . .  XneKand lX l+. . .+Xn l<d,  then 
(1 -d ) ]X  1 + ... + Xn I < U(Xl*... *Xn). 
PROOF. Let c= IX 1 + ... +Xn I. By the additivity of the norm on K and the 
definition of u, we have c= U(Xl + ... +Xn). 
464 
Thus 
c=u(& + ... + x , )=U(X l* . . .  , i v , )+  u(& + ... + x , -& , . . .  ,xn)<- 
<_u(&, . . .  , x , )+ I&*... , x , -&  + ... +x,l-< 
<_. u(Xi , . .. *Xn) + ]Xl -[-... + XnI 2 
(by Lemma 2.6)=u(Xl* . . .  *Xn)+C 2. Thus (1 -d )c<(1  --C)C=C--C 2<- 
<_u(X~,.. .  *XA.  [] 
2.10. LEMMA. Let X 1 ..... XneK with [Xl+...+Xni<d. I f  
u(X 1 *... *Xn) < ¼d then IX 1 +.. .  + Xn] < ½d. 
PROOF. By Lemma 2.9 we have ( I -d ) [X I+. . .+Xnt<U(X I* . . .  *Xn). Since 
d< ¼ it follows that ¼IX1 + ... + X,[ < ¼d. The desired conclusion follows. [] 
We are now ready' for the proof of Theorem 2.5. We first show that S is a 
local semigroup of (L,N). Suppose that X=XI* . . .  *Xm, Y= YI*." *Yn~S 
with t)21 + ... + Xm], t Y~ + ... + Yn] < {d, and that X* Y~N.  Then u(X* Y)< ¼d, 
and so by Lemma 2.10 we find IX1 + ... +Xm+ Y1 + ". + Yn] <{d. Thus S is a 
local semigroup of (L, N). We now show that S is the smallest local semigroup 
of (L,N) which contains NAK.  Let T be any other such and let 
X= X 1 *... *X n ~ S, where X1 ... . .  X n ~ K and [Xl +. . .  + Xn] < ½d. Then for each 
j=  1 .. . . .  n, Lemma 2.8 shows u(XI*.. .*Xj)<-u(XI*.. .*Xn)<d ~. Hence 
XI* . . . .X j  is in N, and, by a simple induction argument, is contained in T. 
Thus XE T, and so the minimality of S is established. Thus the proof of 
Theorem 2.5 is complete. [] 
If S is an infinitesimally generated local semigroup of (L, B) and B' is an open 
convex symmetric neighborhood of 0 which is contained in B, then SNB'  is a 
local semigroup of (L, B'), but it is not at all obvious in general whether SAB'  
is infinitesimally generated in (L, B~; in fact we have been unable to prove that 
(cf. Hofmann and Lawson 1983, 3.15). In the case that the infinitesimal 
transformations form a cone rather than a wedge, we can prove that being 
infinitesimally generated is a truly local property: 
2.11. PROPOSITION. Assume the situation of  Theorem 2.5 and suppose that 
d*<<_d, d"_<min {d, ld*},  B*=open ball around 0 with radius d*, and 
N*=B*nu- l ( ] -d ' ;d"D.  Then SAN*  is the infinitesimally generated local 
subsemigroup of  (L,N*) with L(SAN*)  =K and KNN*  c_ SAN*.  
PROOF. Since SAN*  is a local subsemigroup of (L,N*), we have S* c_ SAN*  
for the infinitesimally generated local subsemigroup S* of (L,N*) with 
L(S*)=K. Conversely, suppose that X=X 1,... *Xn 6SNN* ,  where 
Xt , . . . ,Xn~K and [XI+...+X,I<½d. Since X~N* we have u(X)<d". By 
Lemma 2.10, JXI + ... +Xnl <{d*.  By Lemma 2.8 we have u(X1.. . . .Xj)  < d". 
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By the dual  o f  Lemma 2.8 obta ined  by exchanging left and r ight we obta in  
u(Xj)  = [Xj[ <d". Thus  X jeN*  for  all j=  1 . . . . .  n. Then  Theorem 2.5 impl ies 
XeS*. This completes  the proo f .  [] 
We wil l  now prove  Theorem B o f  the In t roduct ion .  Since the set N o f  
Theorem 2.5 with d= 1/4,  d '=  1/16 is an open  convex  symmetr i c  ne ighborhood 
o f  0, it is the unit  bal l  o f  a norm II [I which is compat ib le  wi th the topo logy .  
For  0<~_< 1, lett ing d=J/4 and d '=~/16 ,  we have S(~) o f  Theorem B equal  
to  S o f  Theorem 2.5, since ISl+...+S,l<d/2 i f f  ISl+...+Xn[<2d' i f f  
XI+...+XnG2N i f f  I lXl+...+X.l[<2o (as N is the &ba l l  for  [1 [1). The  
remainder  o f  Theorem B fo l lows f rom 2.11. 
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